By regularizing the singularities appearing in the two dimensional Regge calculus by means of a segment of a sphere or pseudo-sphere and then taking the regulator to zero, we obtain a simple formula for the gauge volume which appears in the functional integral. Such a formula is an analytic function of the opening of the conic singularity in the interval from π to 4π and in the continuum limit it goes over to the correct result.
part of the change in the metric and L † is its adjoint. In general if we denote byĝ µν the background metric and with σ the conformal factor with g = e 2σĝ , we have L = e 2σL e −2σ and (1
and
det ′ (L † L) is a divergent quantity and as usual it will be defined through the procedure of Z-function regularization. We have
where det ′ denotes the determinant after removing the zero modes.
Following the standard procedure developed in the continuum approach, Z ′ (0) will be computed by first performing a variation δσ in the conformal factor and later integrating back the result. For the case at hand we have
where K is the heat kernel of the operator L † L, H is the heat kernel of the operator LL † ; Ψ ν (x) and Φ ν (x) denote the normalized zero modes of L † L and LL † respectively and c
is the constant term in the asymptotic expansion of the trace of K(x, x ′ , t).
The main point is the computation of K(x, x ′ , t) and H(x, x ′ , t) which respect the correct boundary conditions imposed by the nature of the vector field ξ and of the tensor field h. The cone can be described in the z = x + iy plane, by a wedge of angular opening 2πα (α = 1 is the plane). The conformal variation considered is the same adopted in [9] for the scalar Laplacian, which takes from a cone with some opening angle 2πα and extension λ to a cone with varied opening angle α + δα and extension λ + δλ. Such a conformal transformation is described by the variation [9] in the z-plane
The vector field ξ µ that describes the 2-dimensional diffeomorphisms on a cone can be represented by the complex scalar ξ provided one imposes that the phase change 2πδ on the boundary, equals the opening angle 2πα of the cone modulo 2π. A similar condition holds for the complex field h representing the tensor, provided we replace 2πδ by 4πδ modulo 2π.
The spectral representation of the heat kernel on the cone is given by
and is valid for Re ν > −1 (ν is the index of the Bessel function). Following a well known procedure [10, 11] eq. (7) can be rewritten as a contour integral
where the contour A is composed of two branches, one starting at π+i∞ and ending at −π+i∞ and the other starting at −π − i∞ and ending at π − i∞. One can obtain the constant term c K 0
in the asymptotic expansion of the heat kernel (8) , by first extracting the contribution on the plane and, after taking the trace inside the integral, by a proper deformation of the integration contour. We remark that such a procedure works for |2δ − 1| < 2α + 1. The result is [11, 12] 
This is simply checked by showing that for r = 0, K vanishes because in this case one can close the integration contours at infinity. This is not the case for δ < 0 or δ > 1, as can be seen from eq. (7) due to the appearance of Bessel's functions of negative index, even if the integral for r and r ′ different from zero still converges.
A straightforward application of (9) with the standard choice 0 < δ ≤ 1 gives for α = 1 + ε with ε < 0, c
These results give the wrong continuum limit (ε → 0) for the FP determinant, both for positive and negative ε.
The problem is that the choice of the heat kernel cannot be made a priori, but should be an outcome of the meaning of the tip of the cone as a locus of infinite positive (α < 1) or negative curvature (α > 1). We shall examine the problem by looking at the cone as a limit case of a regular geometry. For positive curvature we shall describe the tip of the cone as a segment of a sphere which connects smoothly with the cone and for negative curvature we shall describe the tip of the cone as a segment of the Poincaré pseudo-sphere of constant negative curvature.
The limit we are interested in, is the one of the radius of the sphere going to zero, keeping constant the integrated curvature. The sphere of radius 1 2 ρ, of constant curvature R = −2e −2σ ∆σ = 8ρ −2 or the pseudo-sphere of constant curvature R = −8ρ −2 are described by the conformal projection on the complex ω plane where the metric is given by the conformal factor e 2σ = (1 ± uū) −2 with u = ω/ρ.
The integrated curvature on the segment of the sphere or pseudo-sphere between τ = 0 and τ 0 = ρv 0 , (τ = |ω| and v = |u|), is given by ±8πv
) and is related to the opening angle of the cone 2πα by
curvature or equivalently, given angular opening of the cone that matches with the segment of the sphere, is described by a fixed value v 0 , corresponding to τ 0 = ρv 0 .
On the other hand the cone is described on the ω plane by the transformation z = x + iy = cω α , which produces on the ω plane the conformal factor e 2σ = c 2 (ωω) α−1 where c is fixed by the relation
being τ 0 the radius in the ω-plane at which the sphere or the pseudo-sphere connects to the cone. Hence we obtain c = ρ
. In going over from the z to the ω-plane the vector field ξ acquire a Jacobian factor cω α−1 and the tensor field h a factor (cω α−1 ) 2 . We are interested in the eigensolutions of L † L on such a regularized cone which are regular for ω = 0. We shall compute these eigenfunctions on the sphere or pseudo-sphere and then connect them smoothly with those on the cone.
Solving explicitly the eigenvalue equation we find, for the eigensolutions with orbital angular momentum m on the sphere
where
(−1 + 9 + 4(ρµ) 2 ). For ρ 2 = 0 they reduce to
On the pseudo-sphere we have
The general eingensolution on the cone for orbital angular momentum m has the form
where γ = m + α − 1 α and p = v
. The coefficient a(ρ) and b(ρ) are fixed by requiring the continuity of the logarithmic derivative of e −2σ ξ with respect toω at | ω|= τ 0 . In fact from the structure of eigenvalue equation e −2σ ∂ ∂ω e 2σ ∂ ∂ω e −2σ ξ = −µ 2 ξ, we see that failing to satisfy such a condition would produce a singular contribution at the matching point. We are interested in the matching condition in the limit where the regulator ρ tends to 0.
Let us consider first m = n ≥ 0. For small ρ the interior solution multiplied by the factor e −2σ becomes
while the exterior solution multiplied by the conformal factor e −2σ becomes
We notice that the lowest order in the first term of (23) has vanishing derivative with respect toω. Thus the continuity of the logarithmic derivative for small ρµ takes the form
Thus for m ≥ 0 we see that for 2 + 2γ > 0, i.e. α > Similarly one can deal with m = −n < 0. In this case the derivative of the interior solution multiplied by the conformal factor tends to a finite limits for (ρµ) 2 → 0 and the analog of equation (25) is
Thus for m < 0 we have a(ρ) → 0 for γ < 0, i.e. for α < 2.
Thus we reached the conclusion that for the opening of the cone 2πα with . Going over to the coordinate z, the heat kernel K(x, x ′ ; t) is thus given by (8) with δ = α − 1.
We come now to the heat kernel H for the field h. The requirement [6] 
which through a well known identity on the Bessel functions equals
while for m < 0 they are given by
always with γ = m + α − 1 α . The net result is that the heat kernel H is given by (8) with
We come now back to eq.(5). Applying Dowker's procedure to K = K α,α−1 we obtain
and for H = K α,2α−1
Due to the local character of the coefficients of the asymptotic expansion of the trace of the heat kernel [11] , for a generic compact surface without boundaries such a relation becomes 3 i (1−α i ) where the sum runs over the vertices and can be rewritten as 3χ being χ the Euler characteristic of the surface, in agreement with the AtiyahSinger [13] index theorem applied to L † L and LL † [6] . We remark that such a topological relation is satisfied only by our choice δ = α − 1 for K, among all the possibilities δ = α − N.
The terms concerning the zero modes in eq. (5) in the continuum approach are cancelled by the variations of other non-local terms appearing in the measure [7] ; so, we shall concentrate on the H and K terms and show that such terms can be explicitly computed, giving a results which is 26 times the conformal anomaly of a scalar field as it happens in the continuum.
Substituting the explicit value of δσ eq.(6) in equation (5) and noting that c 
Using (30) and (31) we obtain
where the two integrals I K (α) and I H (α) have a form very similar that of Aurell and Salomonson [9] .
Eq.(33) holds for a cone; the extension to a generic Regge surface is done exactly along the lines of [9] . If the surface is compact and closed we have i δα i = 0 and the last term in (33) can be dropped. Up to now we have considered L † L acting on ξ. Actually, as the complex field has two independent components, one should consider at the same time the complex conjugate operator L † L acting onξ [6] , with the result that all the traces up to now computed have to be multiplied by 2.
Finally denoting with w i the complex coordinates of the vertices on the plane on which the Regge surface is unfolded as done in [9] , we obtain for the logarithm of the FP determinant
where F (α) is the primitive of f (α) α added to γ E c K 0 (α) and can be written in the form of an integral representation.
The term with the double sum is exactly 26 times the analogous term appearing in the result of Aurell and Salomonson for the determinant of a scalar field, i.e. the conformal anomaly. In
being N the number of vertices and for N → ∞ it goes over to the correct continuum limit [9] . i F (α i ) in the continuum limit (α i = 1 + ε i , ε i → 0) goes over to F ′ (1) i ε i + cost. and thus becomes a topological term. Generalizations to surfaces of higher genus are easily obtained.
We point out that our results, derived by the regularization of the tip of the cone by means of a segment of sphere or pseudo-sphere, are largely independent of the details of this regularization. In fact the effect of our regularization is that to impose (apart from a correction that behaves like ρ 2 and that vanishes in the limit ρ → 0) a fixed logarithmic derivative of e −2σ ξ at the boundary, combined with the fact the for m ≥ 0 the regular eigenfunction of L † L to the null eigenvalue has the form e 2σ ω m .
Imposing Dirichlet boundary condition for the field ξ on a small circle and then making the < α < 2.
Our boundary conditions span the whole range with our boundary conditions we obtain δ = α and for N < α ≤ N + 1 we have δ = α − N, thus introducing a non analytic behavior of det ′ L † L as a function of α. This is not completely unexpected as a non analytic behavior is already present 9 in c 0 for the Green function of a particle on a cone as a function of the magnetic flux through the tip of the cone [11] , which in our case represents the phase change.
